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Abstract
The properties of a particular Misner - Thorne wormhole are investi-
gated. The ”exotic stress-energy” needed to maintain the wormhole open
corresponds to a massless scalar field whose Lagrangean density contains
a negative kinetic term. While the Komar energy of the spacetime is van-
ishing due to the negative energy density and radial pressure, the ADM
energy is (minus) the Planck energy. The timelike geodesics are hyper-
bolae and any static observer is inertial. The null radial trajectories are
also hyperbolae and Lorentz invariant as Coleman- de Luccia expanding
bubble or Ipser-Sikivie domain wall. Using a different equation of state
for the fluid on the dynamic wormhole throat of Redmount and Suen, we
reached an equation of motion for the throat (a hyperbola) that leads to
a negative surface energy density and the throat expands with the same
acceleration 2pi|σ| as the Ipser-Sikivie domain wall.
1 Introduction
Wormholes (WHs) are defined as topological structures connecting two asymp-
totically flat spacetimes. It is well-known that Lorenzian WHs are threaded by
matter that violates the energy conditions (one needs ”exotic matter” to avoid
the WH collapse) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. The cut-and-paste prescrip-
tion may be used for to build static and dynamic WHs by surgically - grafting
together two asimptotically flat spacetimes [6, 9].
The surgery procedure leads to a nonzero energy-momentum tensor on the
boundary layer between the two regions. As Morris and Thorne [2] have shown,
to make the WH traversable we must enforce the presence of ”exotic stress-
energy” on its throat which asks for ”the flare-out condition” [8, 10] to be satis-
fied. Ellis [1] introduced a ”drainhole” (a topological hole) in the Schwarzschild
manifold to avoid the singularity at the origin. His geometry is coupled to a
scalar field with a reversed sign kinetic term, to have geodesic completeness.
A significant contribution to the WH physics was brought by the above-
mentioned paper by Morris and Thorne [2] and by Morris, Thorne and Yurtsever
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[12]. They showed that the SchwarzschildWH is not traversable and constructed
traversable WHs which possess matter on their throat, violating all the energy
conditions.
Using the ”junction formalism” Visser [6] assumed that all ”exotic matter”
is confined to a thin boundary layer between asimptotically flat universes. He
applied the formalism both for static and dynamic WHs. While Harris [3] has
shown that a scalar field with negative energy is necessary to maintain his WH
connecting two Reisnner - Nordstrom universes, Redmount and Suen [4] consider
a simple WH geometry as a model for topological fluctuations in the Planck scale
spacetime foam. They proved that the WH is quantum-mechanically unstable
and its wave function has to leak to macroscopic radii.
Plane symmetric thin shell WHs have been analyzed by Lemos and Lobo [9].
They found that thin shell WHs made of a dark energy fluid or of a cosmological
constant fluid are stable but those made of phantom energy are unstable. More
recently, Kim [10] re-considered the flare-out condition (the minimality of the
WH throat), checked the finiteness of the traversal pressures and studied their
physical meaning.
We investigated in this paper the timelike and null geodesics for the special
case of the Morris - Thorne wormhole, namely when the shape function is B(r) =
b2/r (b is here the throat radius) and for a vanishing redshift function [2, 3, 10].
We fould that the radial geodesics are hyperbolae and become straightlines when
r >> b. They resemble the expanding Lorentz-invariant Coleman - de Luccia
bubble [13] or Ipser and Sikivie planar domain wall [20] which, in Minkowski
coordinates is not a plane at all but an accelerating sphere.
The stress tensor of the exotic matter corresponds to that of a massless scalar
field with a negative sign for the kinetic term of the Lagrangean density [3]. The
Komar energy of the system is found to vanish but its matter energy [14, 15]
equals that obtained by Ellis [1] for the scalar field energy. We also computed the
quasilocal Misner - Sharp energy [16, 17, 18, 19, 15] together with its Ricci and
Weyl parts. We take the WH throat radius b of the order of the Planck length
and conjecture that it corresponds to the minimum length for the Minkowski
interval
√
r2 − t2 (see also [21, 22]). In the last section we propose a different
equation of state for the fluid on the boundary of the Redmount - Suen dynamic
WH and show that the throat evolves hyperbolically.
Throughout the paper geometrical units G = c = ~ = 1 are used, unless
otherwise specified.
2 Morris - Thorne traversable wormhole
Let us begin with the static, spherically symmetric Morris - Thorne wormhole
[2]
ds2 = −e2Φdt2 + dr
2
1− Br
+ r2dΩ2 (2.1)
where Φ = Φ(r) determines the gravitational redshift , B = B(r) is the shape
function (it gives the spatial shape of the WH when viewed in an embedding
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diagram) and dΩ2 = dθ2 + sin2θdφ2 stands for the metric on the unit 2-sphere.
The radial coordinate r is not monotonic: it decreases from infinity to a mini-
mum value b in the lower universe and increases from b to infinity as one moves
into the upper universe [2].
Our aim in this paper is to study the special case Φ = 0 and B(r) = b2/r
[2, 10] since the lack of tidal acceleration (Φ = 0) allow travel through the throat
[23]. Therefore, the metric (2.1) can be written as
ds2 = −dt2 + dr
2
1− b2r2
+ r2dΩ2 (2.2)
where r ≥ b. The singularity at r = 0 is not part of the manifold and so causes
no concern for our analysis [23]. Keeping in mind that the above WH will be
related to the Planck scale spacetime foam, we take the constant b to be of the
order of the Planck length lP ≈ 10−33cm although on larger scale the spacetime
appears smooth and simply connected. A microscopic WH might in principle
be extracted from the foam to produce a traversable macroscopic WH [12]. As
Morris and Thorne (see also [1, 3, 5]) have shown, by means of the change
l = ±√r2 − b2 of the radial coordinate the line-element (2.2) acquires the form
ds2 = −dt2 + dl2 + (l2 + b2)dΩ2 (2.3)
where l (the proper radial coordinate) covers the entire real axis. The above
spacetime, like (2.2), has two asymptotically flat regions l → ∞ and l → −∞
and has no horizons.
3 Anisotropic fluid stress tensor
For the special static traversable WH (2.2) to be a solution of Einstein’s equa-
tions Gab = 8πTab (a, b = 0, 1, 2, 3), the following stress tensor is necessary on
their r.h.s. [2, 3, 10]
8πT ab = diag
(
b2
r4
,− b
2
r4
,
b2
r4
,
b2
r4
)
(3.1)
which leads to ρ = −b2/8πr4 = pr = −pθ = −pφ. ρ is the energy density
of the fluid, pr is the radial pressure and pθ, pφ are the ”angular” pressures.
We observe that the energy density and the radial pressure are negative (as
for exotic matter). We suppose Tab is spread all over the spacetime and its
components reach the extremal values close to the throat r = b. The stress
tensor corresponds to an anisotropic fluid because of the nonequal principal
pressures. It can be written in the general form
T ab = (p+ ρ)u
aub + pδ
a
b + π
a
b (3.2)
where p = (1/3)T ii = b
2/3r4 is the average pressure (i = 1, 2, 3), ua = (1, 0, 0, 0)
is the velocity vector field of a static observer and
πab = diag
(
0,− b
2
6πr4
,
b2
12πr4
,
b2
12πr4
)
(3.3)
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is the anisotropic stress tensor with πaa = 0, u
bπab = 0. Let us mention that
all the curvature invariants for the metric (2.2) are finite (for example, the
Ricci scalar is −2b2/r4 and the Kretschmann scalar is 12b4/r8). With b = lP ,
the energy density becomes ρ = −~c/r4. Hence, it no longer depends on the
Newton constantG, having a pure quantum structure (similar for the pressures).
In addition, its expression resembles the Casimir energy density between two
planar conducting plates.
It is worth to see what type of field gives such a T ab as in (3.1). Harris
[3] analysed in detail that issue and he found that a massless scalar field φ
(whose Lagrangean density contains a negative kinetic term) fits perfectly with
the problem at hand. His T ab is proportional to 1/r
4 and is sourced by a charge
Q originating from the field φ(r), with gab∇aφ∇bφ = 0 and appearing as a
constant of integration. A comparison with our situation gives Q = b/
√
8πG.
We should also note that the flare-out condition [10]
B − rB′
2B2
=
r
b2
> 0 (3.4)
is obeyed (B′ = dB/dr).
It is worth to notice that the traversable WH geometries are constrained by
the sa-called Quantum Inequalities (QI) [24] that limit the magnitude and the
spatial and temporal extent of negative energy rooted from the violation of the
WEC. Ford and Roman [24] proved that the QI bound can be written as
τs
π
∫ ∞
−∞
< Tabu
aub > dτ
τ2 + τ2s
≥ − 3
32π2τ4s
, (3.5)
where τ is the freely-falling observer proper time, τs is the sampling time
and< Tabu
aub > is the expectation value of the local energy density for a mass-
less minimally-coupled scalar field. As we shall see in Sec.5, a static observer is
geodesic for our metric (2.2). Therefore, the energy density seen by this observer
is constant. For the spacetime under consideration, all the curvature compo-
nents have their maximum value 1/b2 at the throat, the same being true for
the energy-momentum tensor components (for example, |ρmax| = 1/8πb2 at the
throat). Let us choose, following the authors of [24], τs = rmf = bf << rc (with
f << 1), where rm = b is the minimal length scale and rc ≈ 1/
√
Rmax is the
smallest proper radius of curvature. One finds for our metric that rm = rc = b.
Therefore, the constraint (3.5) gives us, for a static observer at r = r0 = b
− 1
8πb2
≥ − 3
32π2τ4s
, (3.6)
With τs = fr0 one obtains
b ≤ lP
2f2
, (π ≈ 3) (3.7)
But our choice for the magnitude of b was of the order of the Planck length lP for
microscopic WHs and so the relation (3.7) is obeyed when the FR prescription
f << 1 is used. We arrived at the conclusion that the QI (3.5) is satisfied by
our WH (2.2).
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4 Energetic considerations
From the expressions (3.1) for the components of T ab it is clear that the energy
conditions are not observed. The weak and dominant energy conditions require
ρ ≥ 0, the null and strong energy conditions impose ρ+ pi ≥ 0(i = 1, 2, 3) and
they are not satisfied for our exotic matter (ρ < 0 is necessary to hold the WH
open).
We wish to compute now the Komar energyWK for the spacetime (2.2). We
have [28, 29]
W = 2
∫
(Tab − 1
2
gabT
c
c)u
aubN
√
γd3x. (4.1)
N =
√−g00 is the lapse function and γ is the determinant of the spatial metric.
With T aa = b
2/4πr4, (4.1) yieldsWK = 0. In other words, the contribution from
the energy density and pressures cancels out. In contrast, the ADM energy is
negative (only the energy density contributes)
WADM = 2
∫
4πr2ρ(r)dr =
b2
r
|∞b = −b (4.2)
(the factor of 2 is rooted from the two WH sheets - see also [34]). We found
that WADM is (minus) the Planck energy . We may be also interested to write
down the energy of the matter (the scalar field in our case), without that of the
gravitational field [14]
Wsc = 2
∫ √
γρ(r)drdθdφ = −b2
∫
dr
r
√
r2 − b2 = b arcsin
b
r
|∞b = −
π
2
b. (4.3)
This result has been previously obtained by Ellis [1] using different coordinates
(his Eq. 64 for ES). However, he assumed from the beginning that ES ≥ 0 and,
therefore, our result matches his result up to a minus sign.
Let us compute now the quasilocal Misner - Sharp mass. It is given by
[16, 18, 19, 15]
1− 2EMS
r
= gab∇ar ∇br. (4.4)
One finds for the geometry (2.2) that
EMS(r) =
b2
2r
. (4.5)
A remark is in order here: if all fundamental constants are introduced in (4.5),
one obtains EMS = ~c/2r, i.e. it does not depend on G. This is a consequence
of the b2-factor on the r.h.s. of (4.5). We reached the same conclusion for the
energy density ρ from (3.1). As far as the Ricci part of EMS is concerned, we
get [32]
ER =
4π
3
r3(ρ− pr + pθ) = b
2
6r
. (4.6)
The Weyl part related to the energy of the gravitational field yields
EW = EMS − ER = b
2
3r
. (4.7)
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5 Timelike geodesics
We would first emphasize that the study of geodesics needs a differentiable man-
ifold (a smooth spacetime). Nevertheless, we assumed our WH belongs to the
Planck world (namely, its throat size is of the order of the Planck length lP ),
where quantum fluctuations are supposed to exist and the spacetime smooth-
ness seems to break down. However, we may adopt here the Di Casola et al.
[25] prescription and consider that a mesoscopic region may exist between the
microscopic domain of quantum gravity and the macroscopic scales described by
general relativity, where spacetime is still a differentiable pseudo-Riemannian
manifold. The transition region covers the range between lP and some ℓ >> lP
(but still microscopic), where ℓ is the transition scale. Current observations
imply that the scale ℓ must be much smaller than any curvature radius asso-
ciated with macroscopic gravitational fields. We also have to remind that the
constraint (3.5) works for a geodesic observer to whom one may also apply the
Horowitz-Ross condition [26, 27] r0 > lP /
√
1− v2
0
, where r0 is the throat radius
and v0 is the geodesic particle velocity at the throat. With v0 close to the speed
of light, we could obtain r0 >> lP such that the ”boosted” r0 enters the meso-
scopic region, reaching the particle physics scale. In addition, Nandi et al. [27]
argued that an elementary particle could travel through the WH if its velocity
is v0 ≈ 1, even though its Bohr radius is much larger than lP .
Let us pass now to the geodesic equations. Since the spacetime (2.2) is static
and using the standard procedure [36, 33, 34], we have the two first integrals
t˙ =
dt
dλ
= E, φ˙ =
dφ
dλ
=
L
r2
(5.1)
(t and φ are cyclic coordinates), where λ is the affine parameter along the
geodesics (the proper time for the timelike ones), E is the energy per unit mass
of the test particle and L represents the angular momentum per unit mass.
Using (5.1) for the metric (2.2) one obtains
1 +
r˙2
1− b2r2
+
L2
r2
= E2, (E ≥ 1) (5.2)
which can be written as
r˙2 + 1 +
b2(E2 − 1) + L2
r2
− b
2L2
r4
= E2. (5.3)
The last three terms on the l.h.s. of (5.3) plays the role of an effective potential
and the geodesics could be clasified in terms of the values of the parameters
E,L and b. However, we are specially interested of the radial geodesics, namely
L = 0. One obtains from (5.3)
(
dr
dt
)2
+
b2(E2 − 1)
E2r2
= 1− 1
E2
(5.4)
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which yields the hyperbolic trajectories
r(t) =
√
(1− 1
E2
)t2 + b2 =
√
v2
∞
t2 + b2 (5.5)
with the initial condition r(0) = b = rmin, v∞ =
√
E2 − 1/E and t ∈ (−∞,∞).
We notice that any static observer r = const. is geodesic because E = 1 in that
case. This is a consequence of the fact that g00 = −1 in Eq. (2.2). We may
actually calculate the covariant acceleration
ab = ua∇aub (5.6)
of a static observer with ub = (1, 0, 0, 0) and obtain simply ab = 0. The particle
velocity from (5.5) is
dr
dt
=
(E2 − 1)t
E
√
(E2 − 1)t2 + b2E2 (5.7)
The velocity grows from −v∞ at t = −∞ to zero at t = 0 and then to v∞ at
t = ∞. The particular case b = 0 leads to dr/dt = v∞ = const. for all time,
i.e. the inertial motion. With b of the order of the Planck length, dr/dt tends
to v∞ very fast so that, macroscopically, the motion is uniform. From (5.7) we
can obtain
d2r
dt2
=
b2v2∞
(v2∞t
2 + b2)3/2
, (5.8)
with constant proper acceleration of magnitude 1/b. Because d2r/dt2 > 0 for
any t, dr/dt is monotonic so that it reaches its maximum value v∞ when t→∞.
As we remarked at the beginning of this section, our classical equation of
motion (5.5) is not appropriate when quantum fluctuations are taken into ac-
count and the notion of classical trajectory looses its meaning. One means our
geodesic calculations apply from the mesoscopic regime to macroscopic scales,
viz. from r > ℓ, or t >
√
ℓ2 − b2/v∞.
6 Null geodesics
Plugging ds2 = 0 in the metric (2.2) and using (5.1) one obtains
r˙2 +
b2E2 + L2
r2
− b
2L2
r4
= E2. (6.1)
or, for the angular trajectory
dφ
dr
=
d√
(r2 − b2)(r2 − d2) (6.2)
where d = L/E is the impact parameter. The null geodesics (6.1) were exten-
sively studied by Ellis [1] in the coordinates (2.3) (see also [30, 31]). Therefore,
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we only intend to analyse the null radial geodesics in the geometry (2.2). With
L = 0 in (6.1) we have
dr
dt
= ±
√
1− b
2
r2
, (r > b) (6.3)
which yields
r(t) =
√
t2 + b2, (6.4)
with r(0) = b. For negative t, r decreases from ∞ to b at t = 0 in the lower
universe and then reaches again∞ for t > 0, in the upper universe. When (6.4)
is written as
r2 − t2 = b2, (6.5)
one sees that the null radial equation of motion is Lorentz invariant. That
remind us the bubble of Coleman and de Luccia [13] whose surface traces out a
hyperboloid with an O(3,1) invariance evolution. Almost immediately after its
materialisation, their bubble accelerates to the speed of light because its initial
radius is typically a quantity of subnuclear magnitude. Since we have chosen b
to be of the order of the Planck length, Eq. (6.5) introduces in fact a minimal
Minkowski interval (see also [22]):
√
(ηabxaxb)min = b.
If the spacetime foam hypothesis proves to be valid then the Minkowski light
cone is only an approximation valid macroscopically (when the Planck length
is neglected). It should be noticed that in the coordinates (2.3) the radial null
geodesics are straightlines, as in Minkowski space. However, the l = 0 surfaces
have no zero area, but 4πb2.
7 Dynamic wormhole
Although at macroscopic scales the spacetime appears smooth and simply con-
nected, on Planck length scales it fluctuates quantum-mechanically, developing
all kinds of topological structures, including WHs. A microscopic WH may
be extracted from the foam to give birth to a macroscopic traversable WH.
Redmount and Suen (RS) [4] see Lorentzian spacetime filled with many micro-
scopic WHs, living for microscopic time periods and then pinching off. They
found those WHs are quantum-mechanically unstable, like a classical stable
black hole which however undergoes quantum Hawking evaporation. RS con-
structed a spherically-symmetric ”Minkowski wormhole” by excising a sphere
of radius r = R(t) (t - the Minkowski time coordinate) from two copies of the
Minkowski space, identifying the two boundary surfaces r = R(t). To obey
Einstein’s equations a surface stress tensor on the boundary Σ was introduced.
Outside the boundary both exterior spacetimes are flat. The boundary plays
the role of the WH throat and the Einstein equations are equivalent with the
Lanczos equations [6]
− 8πSij =
[
Kij − δijKnn
]
(7.1)
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with Sij the surface stress tensor (here i, j = 0, 2, 3), K
n
n - the trace of the
extrinsic curvature of the boundary Σ and [...] stands for the jump of Kij when
the boundary is crossed.
Let us find now the the extrinsic curvature tensor of the surface F = r−R(t).
It is given by [9]
Kij =
∂xa
∂ξi
∂xb
∂ξj
∇anb = −nc
(
∂2xc
∂ξi∂ξj
+ Γcab
∂xa
∂ξi
∂xb
∂ξj
)
(7.2)
where ξi are the coordinates on Σ, the Γ′s are the affine connections in Minkowski
space and nc is the unit normal to Σ. The spacetime metric is Minkowskian
and the geometry on Σ can be written as
ds2Σ = −dτ2 +R2dΩ2 (7.3)
where dτ =
√
1− R˙2dt, τ is the proper time on Σ and R˙ = dR/dt. The velocity
4-vector is
ub =
dxb
dτ
=
(
dt
dτ
,
dR
dτ
, 0, 0
)
(7.4)
with ubub = −1. The unit normal to Σ may be found from (7.4) and the
relations nbnb = 1 and n
bub = 0. It is also given in general by
na =
F,a√
gabF,aF,b
(7.5)
where F,a = ∂F/∂x
a. The velocity ub from (7.4) yields
ub =
(
1√
1− R˙2
,
R˙√
1− R˙2
, 0, 0
)
(7.6)
whence
nb =
(
R˙√
1− R˙2
,
−1√
1− R˙2
, 0, 0
)
(7.7)
Eq. (7.2) gives the following components of the second fundamental form
Kττ =
−R¨
(1− R˙2)3/2 , Kθθ =
R√
1− R˙2
=
Kφφ
sin2θ
, (7.8)
with the trace
Kii =
R¨
(1− R˙2)3/2 +
2
R
√
1− R˙2
. (7.9)
Using (7.8) and (7.9), Eqs. (7.1) appear as
Sττ = − 1
2πR
√
1− R˙2
, Sθθ =
R
4π
√
1− R˙2
+
R2R¨
4π(1− R˙2)3/2 =
Sφφ
sin2θ
, (7.10)
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i.e. similar with the expressions obtained in [4]. Supposing that Sij on the
throat corresponds to a perfect fluid
Sij = (ps + σ)uiuj + pshij (7.11)
where hij = (−1, R2, R2sin2θ) is the metric on the boundary, we have σ = Sττ
for the surface energy density and ps = Sθθ/R
2 for the surface pressure.
To find the equation of motion for the throat, we need now an equation
of state relating σ and ps. RS chose σ = −4ps as equation of state but in
this case the action integral (whence the equation of motion was obtained)
has a complicated ”kinetic term”. Our choice for the equation of state is simply
ps = −σ, as for a domain wall [20] because one seems to be the most appropriate
conjecture for the exotic matter characterising a WH. That choice leads to the
equation of motion
R¨
1− R˙2 −
1
R
= 0, R˙ 6= 1, (7.12)
or
RR¨+ R˙2 − 1 = 0, (7.13)
which has the solution
R(t) =
√
t2 + b2. (7.14)
using appropriate initial conditions. An action corresponding to (7.13) appears
as
S =
∫
b2
R
√
1− R˙2dt (7.15)
whence the Lagrangean is given by (not to be confused with the angular mo-
mentum L from Sec.5 and 6)
L =
b2
R
√
1− R˙2 (7.16)
(the factor b2 is necessary so L has units of length). The canonical momentum
will be
p =
∂L
∂R˙
= − b
2R˙
R
√
1− R˙2
, (7.17)
which yields the Hamiltonian
H = pR˙− L = − b
2
R
√
1− R˙2
. (7.18)
To find the direct relation between p and H we get rid of R˙ from the last two
equations to obtain
H = −
√
p2 +
(
b2
R
)2
. (7.19)
We see that −b2/R = −~/cR plays the role of a negative mass M of the ”parti-
cle” (expanding WH throat in our case), namely M = −~/cR. So R = ~/|M |c
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appears as being the Compton wavelength associated to the mass M . For
t >> b, R(t) ≈ t so that |M |c2t = ~, which looks like an uncertainty rela-
tion. One could also see from (7.18) that H has the form of a Lorentz-boosted
negative mass. This simple WH geometry seems to represent a spacetime foam
structure unstable against growth to macroscopic size [4]. Thus, the behavior
of the throat resembles that of a particle initially confined to a well or of an
α-particle in a heavy nucleus.
When (7.14) is used in the expression for the WH energy (7.18), we get
H = −b, i.e. the ADM mass (4.2) for the Morris-Thorne wormhole. Moreover,
the action S from (7.15) acquires the form
S =
∫
b3
t2 + b2
dt = b2arctan
t
b
(7.20)
which is bounded (π~/2 > S > −π~/2).
Using (7.10), the expression (7.14) for R(t) yields
σ = −ps = − 1
2πb
(7.21)
We obtained, indeed, σ < 0, as it should be for exotic matter.
In terms of the proper time on Σ, (7.14) can be written asR(τ) = b cosh(τ/b).
Therefore, the geometry on the throat appears as
ds2Σ = −dτ2 + b2cosh2
τ
b
dΩ2, (7.22)
which is the closed de Sitter space in three dimensions. From (7.14) we have
1− R˙2 = b
2
R2
, R¨ =
b2
R3
. (7.23)
Therefore, the component of the acceleration of the throat, normal to Σ will be
[6]
A⊥ ≡ nbAb = −Kττ = 1
b
= −2πσ > 0, (7.24)
where Ab is built with ub from (7.6). So we obtained the same evolution of the
WH throat as Ipser and Sikivie for their domain wall which in Minkowskian
coordinates is not a plane at all but rather an accelerating sphere, expanding
with the acceleration 2π|σ|.
A remark is in order here. The radial null geodesics (6.4) in the static WH
geometry (2.2) are similar with the equation of motion (7.14) of the dynamicWH
throat. Note that the spacetime (2.2) is curved and the region r < b is absent
from the manifold. We identify the two processes and assume that actually the
null particles are carried by the WH throat during their propagation (see [35]).
In other words, the throat plays the role of a de Broglie pilot wave, dragging
the null particles with it.
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8 Conclusions
We investigated in this paper a special case of the Misner - Thorne Lorenzian
traversable WH. We showed that the spacetime corresponding to the two WH
sheets is endowed with an anisotropic fluid with negative energy density ρ and
radial pressure pr. The WH throat radius was taken of the order of the Planck
length and so ρ and pr do not depend on the Newton constant but only on ~
and c, having a Casimir type dependence on r. While the Komar energy of
our wormhole is vanishing, we obtained that the ADM energy equals (minus)
the Planck energy. Macroscopically, the timelike geodesics are straightlines but
they become hyperbolae microscopically, when the Planck length is taken into
account. A similar effect appeared for null geodesics. The null trajectories
are hyperbolae too but after large time period they become straightlines, mov-
ing asymptotically with the velocity c = 1. We also conjectured a minimum
Minkowski interval, in the spirit of Kothawala and Padmanabhan. Using a dif-
ferent equation of state compared to that of Redmount and Suen, we found that
a dynamic WH expands hyperbolically in a fashion similar with the Coleman
and de Luccia bubble or Ipser and Sikivie domain wall, i.e. a Lorentz-invariant
expansion.
We also notice the role played by WHs in Einstein-Podolsky-Rosen (EPR)
pair and Einstein-Rosen (ER) bridge [37, 38]. Maldacena and Susskind showed
that EPR pairs and non-traversable WHs are equivalent description of the same
physics.In addition, in the holographic dual the quantum entanglement is en-
coded in a geometry of a non-traversable WH on the worldsheet of the flux
tube connecting the EPR pair. It was pointed out [39, 40] that the bulk dual
of an entangled pair of a quark and anti-quark corresponds to the Lorenzian
continuation of the tunneling instanton describing Schwinger pair creation in a
strong electric field.
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